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Summary 
 
We introduce and derive the nonlinear Fréchet derivative 
for the acoustic wave equation. It turns out that the high 
order Fréchet derivatives can be realized by consecutive 
applications of the scattering operator and a zero-order 
propagator to the source. We prove that the higher order 
Fréchet derivatives are not negligible and the linear Fréchet 
derivative may not be appropriate in many cases, especially 
when forward scattering is involved for large scale 
perturbations. Then we derive the De Wolf approximation 
(multiple forescattering and single backscattering 
approximation) for the nonlinear Fréchet derivative. We 
split the linear derivative operator (i.e. the scattering 
operator) onto forward and backward derivatives, and then 
reorder and renormalize the nonlinear derivative series 
before making the approximation by dropping the multiple 
backscattering terms. Numerical simulations for a Gaussian 
ball model show significant difference between the linear 
and nonlinear Fréchet derivatives.  
 
Introduction 
 
The Fréchet derivative plays a key role in linear or quasi-
linear geophysical inverse problems. The Fréchet derivative 
is usually referred to the first order derivative. Higher order 
terms are thought to be insignificant or of no importance, 
and are generally neglected. In seismic traveltime 
tomography, explicit formula for the Fréchet derivative has 
been derived , and numerical calculations have been carried 
out (e.g., Marquering, et al.,  1999; Dahlen et al., 2000a; 
Dahlen et al., 2000b; Hung et al., 2000; Dahlen, 2004; 
2005; Dahlen and Nolet, 2006; de Hoop and van der Hilst, 
2005; Zhao et al., 2000; Zhou et al., 2004, 2011). This 
spatial distribution of the traveltime changes caused by the 
velocity perturbations at the corresponding points is called 
sensitivity kernel for traveltimes. The derivation of the 
kernels is usually calculated by the first order Born 
approximation based on the formulation of linearized 
Fréchet derivative. Similar sensitivity kernel formulation 
has been used in reflection seismics (de Hoop et al., 2006; 
Xie and Yang, 2008). For the full waveform inversion, the 
Fréchet derivative is also used to relate model parameter 
perturbations to changes in seismic waveforms (Tarantola, 
1984; Tarantola, 1986; Tarantola, 2005). In order to 
mitigate the problem of huge storage for the kernels based 
on the point scattering model, Chevrot and Zhao (2007) 
proposed to use wavelet transform applied to the model 
space; Loris et al. (2010) and Simon et al. (2011) apply  
wavelet transform to the model for the purpose of L-1 norm 
regularization in the inversion. However, in both cases the 
linearized Fréchet derivatives are used for the sensitivity 
kernel calculations.  
 
For the real earth, the wave equation is strongly nonlinear 
with respect to the medium parameter changes, except in 
some weakly perturbed media. For large scale velocity 
perturbations, the phase accumulation of forward scattering 
renders the Born approximation unacceptable in many 
cases. However, based on our knowledge, the kernel 
calculations are almost exclusively based on the linear 
Fréchet derivative in the literature. Nonlinear Fréchet 
derivative has been introduced to the resistivity inversion 
(McGillivray and Oldenburg, 1990) and optical diffuse 
imaging (Kwon and Yazici, 2010). In this study, we first 
discuss the sensitivity kernel for the acoustic wave equation 
and then we derive the full nonlinear Fréchet derivative as a 
series with all the higher order terms. In the second part, we 
derive the the De Wolf approximation of the nonlinear 
Fréchet derivative. A numerical experiment is conducted 
for a Gaussian ball with different scales. The results show 
significant differences between the linear and nonlinear 
Fréchet derivatives. 
 
Linear and Nonlinear Fréchet derivatives for the 
Acoustic Wave Equation  
 
For a linear isotropic acoustic medium, the wave equation 
in frequency domain is  
21 0p p                     (1) 
where p is the pressure field,   and   are the density and 
bulk module of the medium, respectively. Assuming 0  
and 0  as the parameters of the background medium, 
equation (1) can be written as 
                       2 2 2k p k p   x x x ,                (2)                                
where  
0 0 0/ ; /k v v     .                   (3) 
The right-hand-side of (2) is an equivalent force term 
with  
    21k       x x                  (4) 
as the scattering potential operator, where                           
       0 01, 1 
      x xx x ,             (5)  
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Equation (2) can be written into an equivalent integral 
equation form (Lippmann-Schwinger equation): 
         0 2 3 0' ; ' ' 'Vp p k d g p  x x x x x x x       (6) 
where  
0
; 'g x x is the background Green's function. In 
operator form, equation (6) can be written as  
0
0  p p G p   (7) 
The above quation is expressed as a summation of the 
incident field and the perturbed field (scattered field). 
Substitute this sum into the unknown p in the right-hand-
side iteratively, resulting in a formal solution of the wave 
equation in a scattering series (the Born series) 
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Now we consider the Fréchet derivatives for the forward 
modeling operator. In accordance with Tarantola (2005, 
Chapter 5)’s format and terminology, we write the forward 
problem in an operator form,  
( )d A m                                    (9) 
where d is the data vector (pressure field generated by the 
modeling), m is the model vector, and A is the forward 
modeling operator. Assume an initial model m0, we want to 
quantify the sensitivity of the data change δd to the model 
change δm. For a linear modeling operator, or a quasi-
linear operator, we can calculate the data change using the 
linear Fréchet derivative (Tarantola, 2005) 
0 0
2( ) ( ) ' ( )O     A m m A m A m m  (10) 
where 'A  is the first Fréchet derivative operator (“G0” in 
Tarantola’s notation). Comparing (10) with (7), we see that 
the linear Fréchet derivative operator is equivalent to a 
Born modeling operator 
     0 2 3 00 0 ' ; ' ' '' VG p k d g p   x x x x xA              (11) 
 
The Higher order Fréchet derivative can be derived from 
the first order one. A  is a bounded linear operator which 
maps the model space    to the data space  ; The 
mathematical definition of the linear Fréchet derivative 
reads  
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0
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We define the space of all such bounded operators as  
     0 0', |L A m m  . (13) 
Higher order Fréchet derivatives can be derived from the 
first order Fréchet derivative. Let’s first see the second 
order derivative 
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We plug (11)  into (14) and after some algebra we get  
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Other higher orders can be derived in a similar way. Put all 
orders together, we have a Taylor expansion centered at the 
original model 
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where ( )
0
NLD
mA is the nonlinear functional derivative at the 
current model. Under the linear approximation, 'A m is a 
matrix multiplication in the discrete form, so that the 
influences of parameter changes at different points are 
independent of each other. In the case of wave equation, 
this linearization is only valid for weak heterogeneities and 
small volume perturbations. On the other hand, the 
nonlinear derivative (16), if the series converge, can 
precisely predict the data change d due to the model 
changem . The higher order terms account for the 
interactions between different parameter changes (multiple 
scattering).  
 
For the acoustic media, we apply the Gauss theory to the 
volume integral in (6). After some algebra, we get 
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where 1
ik
    is the frequency-normalized gradient 
operator, and the subscript 1 implies that the derivative is 
related to 1x . In operator form, we can write the above 
equation as 
     
 0 00 ,'( )  



   
 S A S AA m m  (18) 
Where  
0
0 0 1( ; )( ) sg A x xA m  (19) 
And , S S are the scattering operator defined as 
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So the first Fréchet derivative is an operator 
 0 00 , ,'( )    A S S AA m S  (21) 
We obtain the second order of Fréchet derivative operator 
as 
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For the nth order Fréchet derivative, we can write as 
          00( ) ! ,( ) nn n   S S AA m  (23) 
We see that the nth order Fréchet derivative can be realized 
by consecutive application of the scattering operator: 
   0 01 10( ) ! ! ......( ) n nn nn n  S A S S S AA m  (24)   
                                
De Wolf Approximation of the Nonlinear Fréchet 
Derivative 
 
The full nonlinear Fréchet derivative accounts for all the 
nonlinear interactions between the perturbations at different 
points with different parameters. To compute the full 
Fréchet derivative  series is very time-consuming or 
intractable! In order to take the benefit provided by the 
Fréchet derivative series but keep the computation 
manageable, we turn to the De Wolf approximation for the 
full series computation. If we split the scattering operator 
into forward scattering (forescattering) and backscattering 
parts 
                       f b S S S                              (25)                                  
and substitute it into the Fréchet series, we can have all 
combinations of high order forward and backward 
derivatives. These high-order derivatives are similar to the 
high-order scattering terms in the Born series. The De Wolf 
approximation in scattering series corresponds to neglect 
the multiple backscattering (reverberations), i.e., drop all 
the terms containing two or more backscattering operators 
but keep all the forward scattering terms untouched (De 
Wolf, 1971, 1985; Wu, 1994; for a summary and review, 
see Wu et al., 2007). In the forward direction, scattered 
fields of  and  have the opposite signs, so that the 
resulted scattering response is for the velocity perturbation; 
while in the backward direction, the scattered fields of 
and  have the same sign, which corresponds to a 
response of impedance perturbation. The goal of 
transmission tomography is to determine the velocity 
perturbations of the target structure and the physical 
process in the play is the forward scattering. Therefore, the 
multiple forward scattering is very important and the point-
scatterer model based on the Born approximation may not 
be appropriate for transmission tomography.  
 
After substituting the split scattering operator (25) into the 
expression of nth order Fréchet derivative, we can obtain 
the general term of MFSB (multiple forescattering-single 
backscattering) approximation by sorting out and keep only 
the terms with one backscattering operator:  
      1 1 1 1( ) 00 ! ... ....( ) f f f b f fn in i inDW n    S S S S S S AA m  (26) 
Finally, we can obtain the nonlinear Fréchet derivative 
(sensitivity kernel) as 
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where FS is the multi-forescattering operator. Compare 
with the first order Fréchet derivative for reflection 
problem, we see the similarity in the form and the 
simplicity of the formulation. However, the Born scattering 
operator in (18) is replaced with the multi-forescattering 
operator. The nonlinear sensitivity kernel with the De wolf 
approximation considers all the nonlinear interactions with 
the point perturbations it passed under the forward 
scattering approximation, so that the phase accumulation 
and amplitude changes from the perturbations at other 
points are included.  
 
Numerical Examples of Nonlinear Fréchet Derivative 
And Its De Wolf Approximation 
 
In order to show the limitation of the linear Fréchet 
derivative and the merit of nonlinear Fréchet derivative 
with the De Wolf approximation (DWA), we conduct a set 
of forward scattering experiments using Gaussian shape 
velocity perturbations.   
 
 
Figure 1: Experiment configuration similar to transmission 
tomography. The source is the red star (f0=20 Hz Ricker) 
on the top. The receivers are white triangles near the 
bottom. The scale of the Gaussian anomaly is a= 20, 100 
and 500 m, respectively. 
 
As shown in Figure 1, the source is the red star on the top. 
The receivers are white triangles near the bottom. The 
velocity model is a fast Gaussian anomaly embedded in a 
constant background. The background velocity is 2 km/s. 
The scales of the Gaussian anomaly are a = 20m, 100m and 
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500m, respectively. A line of receivers are placed at 
5z = km . For Born modeling, a simple summation integral 
is used (Aki, 1080); The FD modeler is a regular 4th order 
finite difference algorithm; The De Wolf modeling is 
realized by a GSP (generalized screen propagator) one-way 
propagator (see Wu, 2003), because there is no reflection 
involved.  In the calculations, we include the evanescent 
wave components (inhomogeneous plane waves) (Aki, 
1980) to reduce the wavenumber truncation artifacts). 
Figure 2 shows the waveform comparison from different 
kernels (Left: Born, i.e. Linear F-derivative; Mid: FD;  
Right: De Wolf approximation of NL F-derivative) for the 
Gaussian ball with a=20m (top), 100m (mid), 500m 
(bottom);    We see from the figure that for the small scale 
perturbation, the Born approximation is more or less valid 
and we see the agreement between all the methods. 
However, for large scale perturbations, the deviations from 
Born approximation are significant. Especially in the case 
of  a = 500m, the kernel predictions by linear Fréchet 
derivative become unacceptable. In the meanwhile, the 
forward scattering renormalized modeling, here the GSP 
propagator, can give fairly accurate waveforms. The 
striking large amplitude in the center shows the famous 
forward-scattering catastrophe of the Born approximation. 
 
Conclusion and Discussion  
 
We proved that the high order Fréchet derivatives can be 
realized by consecutive applications of the scattering 
operator and a zero-order propagator to the source. The full 
nonlinear Fréchet derivative is directly related to the full 
scattering series (Born series). We then split the linear 
derivative operator onto forward and backward derivatives, 
and then derive the De Wolf approximation (multiple 
forescattering and single backscattering approximation) for 
the full NL F-derivative. Through both theoretical analysis 
and numerical examples we demonstrated the inadequacy 
of the linear Fréchet derivative in many cases, especially 
when forward scattering is involved for large scale velocity 
perturbations. In those cases, the use of nonlinear F-
derivative becomes important and the De Wolf 
approximation of NL F-derivative may be an efficient 
alternative for kernel calculation.  
 
The linear F-derivative defines both the forward modeling 
(Born modeling) and the back projection through the 
gradient operator (Born inversion). Because of the 
linearization, the predicted model perturbations may be far 
from the real perturbations causing the data changes. This 
is true even when the perturbations are weak but extended 
for a large volume. This is why the inversion is strongly 
dependent on the initial model, especially on the low-
wavenumber component of the model (smooth 
background). If we can handle the forward scattering 
correctly using the NL F-derivative, so that the 
backprojection operator can update the low-wavenumber 
components (smooth background) during the iteration, the 
dependence on the initial model may be much reduced.  
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Figure 2: Waveform comparison from different kernels for 
a fast Gaussian ball (20% at the center) with a=20 (top), 
100 (mid), 500m (bottom);  Left: Born (Linear F-
derivative); Mid: FD;  Right: De Wolf approximation of 
NL F-derivative.  The reduced traveltime is defined as the 
true traveltime minus the background traveltime. 
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